We study the polarization properties of three-dimensional quantum light fields by using the Stokes operators. We modify the standard definition of degree of polarization in order to encompass polarization properties in the quantum domain. We show that the states with the largest degree of polarization and least polarization fluctuations are the SU͑3͒ coherent states. We show that the standard quadrature coherent states are Poissonian superpositions of SU͑3͒ coherent states. We examine the polarization properties of some other relevant field states.
I. INTRODUCTION
Polarization is a fundamental ingredient of light, both in the quantum and in the classical domains. In the quantum regime this variable has been crucial in order to demonstrate experimentally fundamental properties and applications of the quantum theory such as entanglement, complementarity, quantum cryptography, teleportation, and Bell inequalities ͓1͔ and also concerning the proper quantum description of the phase ͓2͔.
Although the electric field is by definition a threedimensional ͑3D͒ magnitude, the polarization of strictly harmonic classical waves is locally a two-dimensional ͑2D͒ phenomenon, since the electric field at each spatial point describes an ellipse contained in a plane. Nevertheless, the plane of the ellipse may vary from point to point so that a three-dimensional analysis may be useful, especially for nonparaxial beams without a well-defined propagation direction.
Moreover, quantum fluctuations affect the three field components even when they are in the vacuum state, so that for every field state the quantum electric field varies unavoidably in a 3D region ͓3͔. Therefore, in the quantum domain polarization is always a 3D phenomenon.
The 3D description of polarization has been already addressed in the classical domain by a suitable generalization of the Stokes parameters derived from the 3 ϫ 3 coherence matrix ͓4-10͔.
In this work we address a quantum description of 3D polarization by using the 3D Stokes operators ͓11͔. In Sec. II we recall the basic definitions. In Secs. III and IV we show that the states with the largest degree of 3D polarization and the least polarization fluctuations are the SU͑3͒ coherent states. In Sec. V we show that standard quadrature coherent states are Poissonian superpositions of SU͑3͒ coherent states, which in turn are superpositions of SU͑2͒ coherent states. In Sec. VI we examine the polarization properties of some other relevant field states. In Sec. VII we study the superposition of partially polarized light into completely polarized and completely unpolarized components.
II. STOKES OPERATORS AND DEGREE OF POLARIZATION
The standard two-mode Stokes parameters can be generalized to a three-mode field in the form ͓4,6-10͔
, where ⌽ is the 3 ϫ 3 coherence matrix which verify the trace-orthogonality relations
͑2.4͒
The above relation ͑2.1͒ can be inverted in the form 
͑2.5͒
The coherence matrix and the Stokes parameters provide exactly the same information. The motivation for using the Stokes parameters comes from the fact that they are real measurable quantities that can be determined via standard experimental procedures ͓6͔. Furthermore, for twodimensional fields they provide a very illustrative and useful picture of polarization via the Poincaré sphere ͑although its generalization to three-dimensional fields provides lesser geometrical intuition due to the increase of the dimension͒. In the quantum domain, the Stokes parameters are the mean values of the Stokes operators ͓11͔
for j =0,1,… , 8, where a and a † are three-dimensional column and row vectors made of the complex amplitude operators and their Hermitian conjugates, respectively.
The generalized Stokes parameters allow us to introduce a 3D degree of polarization in the form ͓4,6-9͔
To some extent, this definition does not grasp the limits to polarization established by quantum fluctuations. Since the Stokes operators do not commute, no field state can have definite values of all of them simultaneously, so every state presents polarization fluctuations. In other words, no quantum state has a definite polarization ellipse for the same reasons that quantum particles do not follow definite classical trajectories. The definition ͑2.7͒ does not reflect this idea, since there are field states with P 3D =1 ͑for example, it is shown below that this is the case of quadrature coherent states͒. Moreover, this occurs even for field states as close as desired to the three-dimensional vacuum state, which is a fully unpolarized state according to every criterion.
There is a simple modification of the above definition that avoids this difficulty as a generalization to three dimensions of the two-dimensional proposal in Ref. ͓12͔,
where we have used the operator identity
͑2.9͒
It is worth noting that this definition seemingly depends on the fluctuations of the intensity ⌬S 0 since in the denominator
At first sight this dependence might be regarded as a drawback, because such a dependence is absent in the classical domain. Nevertheless, in the next section we show that this dependence is necessary in the quantum domain provided that we naturally link the maximum degree of polarization with minimum fluctuations of the Stokes operators, a relation that is not fulfilled when using Eq. ͑2.7͒.
Leaving aside these remarks, in most applications both expressions ͑2.7͒ and ͑2.8͒ are interchangeable since their differences are minimal, especially when approaching the classical limit where they coincide.
III. MAXIMALLY POLARIZED STATES
In this section we look for three-dimensional field states with the largest degree of polarization. In order to maximize Eqs. ͑2.7͒ and ͑2.8͒, we begin by computing their common numerator
where we have used that the only terms different from zero in the k sum are
We proceed by using the Cauchy-Schwarz inequalities
The maximum is obtained when all the Cauchy-Schwarz relations are equalities, which occurs provided that
In the next section we show that for a fixed total number S 0 this is satisfied only by the SU͑3͒ coherent states as demonstrated in Eq. ͑4.8͒ below. Equation ͑3.4͒ implies that for definition ͑2.7͒ we get P 3D ഛ 1, irrespectively of the value of ͗S 0 ͘. The equality is reached by all the states fulfilling Eq. ͑3.5͒. This is the case of SU͑3͒ coherent states and quadrature coherent states for example.
On the other hand, for the definition ͑2.8͒ we can use Eq. ͑3.4͒ in the numerator and Eq. ͑2.10͒ in the denominator ͑which implies ͗S 0 2 ͘ ജ ͗S 0 ͘ 2 , the equality being reached when ⌬S 0 =0͒, leading to
͑3.6͒
In this case the maximum degree of polarization attainable depends on the intensity of the wave through the value of ͗S 0 ͘. The equality is reached by the eigenstates of S 0 fulfilling Eq. ͑3.5͒. These are just the SU͑3͒ coherent states exclusively. Finally, we note that it would be natural to expect that maximum degree of polarization should be equivalent to minimum fluctuations of the Stokes operators. This identification can be validated if we adopt a suitable measure of the global fluctuations of the eight Stokes operators. In this regard, the most appropriate measure for our purposes is ͓13͔
͑3.7͒
From Eqs. ͑2.10͒, ͑3.7͒, and ͑3.4͒ we have
the equality being reached provided that ⌬S 0 = 0 and that Eq. ͑3.5͒ holds.
We can see that minimum polarization fluctuations are equivalent to a maximum degree of polarization only when using Eq. ͑2.8͒. This is not the case when using definition ͑2.7͒, since the quadrature coherent states, for example, present fluctuations of the Stokes operators well above the minimum ͓see Eq. ͑7.7͔͒.
IV. SU(3) COHERENT STATES
The SU͑3͒ coherent state ͉N , ⌫͘ can be defined by the action of a SU͑3͒ transformation on the number state ͉0,0,N͘ ͓14͔,
where R is a Hermitian 3 ϫ 3 matrix, ⌫ represents the parameters required to suitably specify R, and ͉0,0,N͘ is the product of the vacuum state in modes a 1 , a 2 and the number state N in mode a 3 . The above transformation acting on ͉0,0,N͘ can be expressed also as a product of two consecutive SU͑2͒ transformations:
Ј͑e −iЈ a 3 † a 2 −e iЈ a 2 † a 3 ͒/2 ͉0,0,N͘.
͑4.2͒
This produces the following transformation of the complex amplitude operators:
where U is the unitary transformation ͓15͔,
͑4.4͒
being c = cos͑ /2͒, s = sin͑ /2͒, and similarly for the primed variables. These states are eigenstates of the total number operator
Furthermore, we can demonstrate that
This is because
According to the results of the preceding section, Eqs. ͑4.5͒ and ͑4.6͒ demonstrate that the SU͑3͒ coherent states have minimum polarization fluctuations and maximum degree of polarization.
Vice versa, all the states satisfying Eq. ͑4.8͒ within each subspace of fixed total photon number S 0 are SU͑3͒ coherent states. This is because the consecutive application of two suitable SU͑2͒ transformations changes Eq. ͑4.8͒ into
whose unique solution in each subspace of fixed total number N is the number state ͉0,0,N͘. From Eqs. ͑4.1͒, ͑4.3͒, and ͑4.4͒ the Stokes parameters for ͉N , ⌫͘ are 
ͪ. ͑4.11͒
It can be checked that ͚ k=1 8 ͗S k ͘ 2 = ͑4/3͒͗S 0 ͘ 2 .
V. NESTED COHERENT STATES
In this section we show that there is an interesting relationship between quadrature coherent states, SU͑3͒ coherent states, SU͑2͒ coherent states, and number states.
We begin by considering a product of quadrature coherent states in each mode ͉␣͘ = ͉␣ 1 ͉͘␣ 2 ͉͘␣ 3 ͘ with a j ͉␣͘ = ␣ j ͉␣͘. Expressing these vectors in the number basis we get
where ͉N , ⌫͘ are SU͑3͒ coherent states ͓14͔, 
VI. RELATION BETWEEN THE 3D AND 2D DEGREES OF POLARIZATION
It is natural to ask whether there exists a definite relation between two-and three-dimensional approaches to quantum polarization. This is because we can imagine every twodimensional field as being three dimensional with a vanishing component. Therefore, to every two-dimensional field we can assign two different degrees of polarization P 3D and P 2D , which need not coincide necessarily.
In this regard, the field states as close as possible to have a vanishing component-say, a 3 -are obtained by assuming that the mode a 3 is in the vacuum state,
where ͉0͘ 3 is the vacuum state in mode a 3 . In such a case we have the following relation between the three-dimensional and two-dimensional values of the Stokes parameters:
where in the 2D case
If we were using the standard definition ͑2.7͒ we would get the general relation
where P 2D is the 2D analog of Eq. ͑2.7͒. We always have P 3D ജ P 2D , the equality being reached only for P 2D = 1. A clear example of the case P 3D Ͼ P 2D occurs when P 2D = 0, for which P 3D =1/2. This result is consistent since fully unpolarized two-dimensional light ͑two random uncorrelated components of the same intensity͒ is certainly not completely unpolarized in three dimensions ͑three random uncorrelated components of the same intensity͒ ͓8͔.
On the other hand, from Eq. ͑2.8͒ and using as well its two-dimensional counterpart ͓12͔
we get
In this case and contrary to Eq. ͑6.4͒, we have the possibility of P 3D Ͻ P 2D . This occurs provided that
For the sake of illustration let us consider the maximum P 2D allowed by Eq. ͑6.5͒ for ͗S 0 2 ͘ = ͗S 0 ͘ 2 = 1. In this case we have P 2D = 0.58 while P 3D = 0.50.
VII. SOME EXAMPLES
Next we apply the above definitions to some relevant field states.
A. One-photon states
The Hilbert space for one photon split between three modes is spanned by the photon-number states ͉1͘ = ͉1,0,0͘, ͉2͘ = ͉0,1,0͘, and ͉3͘ = ͉0,0,1͘. Taking this as a basis, it can be seen that the coherence matrix ⌽ and the density matrix coincide,
and admits the expression ͑2.5͒. Moreover, every one-photon pure state is a SU͑3͒ coherent state
Therefore, every pure state has maximum degree of polarization and minimum polarization fluctuations for ͗S 0 ͘ =1.
B. Number states
For the number states ͉n 1 , n 2 , n 3 ͘ the only nonvanishing Stokes parameters are
For the equipartition state n 1 = n 2 = n 3 = ͗S 0 ͘ / 3 all the Stokes parameters vanish ͑except ͗S 0 ͒͘, so that this state reaches the minimum degree of polarization P 3D = 0 and the maximum fluctuations of the Stokes parameters:
The other extreme situation occurs when all the photons are concentrated in a single mode-for example, n 1 = n 2 =0, n 3 0. This state is actually a SU͑3͒ coherent state with = Ј= 0, reaching a maximum degree of polarization and minimum polarization fluctuations.
These conclusions are equally valid irrespective of whether we use Eq. ͑2.7͒ or Eq. ͑2.8͒.
C. Quadrature coherent states
As we have mentioned above the quadrature coherent states are Poissonian superpositions of SU͑3͒ coherent states. This suggests that they should be close to have a maximum degree of polarization and minimum polarization uncertainty.
They reach the maximum value allowed for the sum of the squares of the Stokes parameters in Eq. ͑3.4͒,
since they satisfy conditions ͑3.5͒ trivially. However, they are not exactly extremal concerning polarization fluctuations because of the fluctuations of the total number of photons ͑⌬S 0 ͒ 2 = ͗S 0 ͘ so that
which exceeds by 33% the minimum 4͗S 0 ͘. As we have discussed above this is reflected or not by the degree of polarization depending on the definition used. When using Eq. ͑2.7͒ we have a maximum degree P 3D = 1 for all ͗S 0 ͘, while when using Eq. ͑2.8͒
IX. CONCLUSIONS
We have carried out an analysis of 3D quantum polarization by using the Stokes operators. We have examined two definitions of the degree of polarization, showing their main properties and drawbacks.
We have found that the states with minimum polarization fluctuations and maximum degree of polarization are the SU͑3͒ coherent states. We have shown that this is also approximately the case of the quadrature coherent states with large enough photon numbers, since they are Poissonian superpositions of SU͑3͒ coherent states.
We have studied the relation between the 2D and 3D degrees of polarization by considering field states with a component in the vacuum state. It is shown that the embedding of two-dimensional fields into a three-dimensional framework is accompanied in general terms by an increase of the degree of polarization.
We have analyzed the decomposition of a threedimensional field into fully polarized and fully unpolarized mutually uncorrelated components. It is shown that, in the general case, the decomposition requires two polarized components uniquely determined.
We have applied this formalism to some relevant field states such as SU͑3͒ coherent states, quadrature coherent states, and number states.
It is worth noting that we are examining polarization properties by using a small number of parameters, so that within the approach provided by the Stokes parameters very different states can possess the same polarization properties. This reflects the fact that there are situations where the Stokes parameters do not provide a complete picture of polarization. This is especially clear when all the Stokes parameters vanish since this can occur for field states that are not fully unpolarized light ͑for example, this is the case of the equipartitioned number states above͒. In other words, the Stokes parameters depend just on field correlations of the second order in the field amplitudes. In some particular cases, especially in the quantum domain, this is not enough and correlations of higher orders are necessary. This issue will be addressed elsewhere as a suitable generalization of the approach in Refs. ͓19͔.
